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ON SUPPORT VARIETIES AND THE HUMPHREYS CONJECTURE IN 

TYPE A 

WILLIAM D. HARDESTY 


Abstract. Let G be a reductive algebraic group scheme defined over Fp and let Gi denote the 
Frobenius kernel of G. To each finite-dimensional G-module M, one can define the support variety 
Vgi{M), which can be regarded as a G-stable closed subvariety of the nilpotent cone. A G-module 
is called a tilting module if it has both good and Weyl filtrations. In 1997, it was conjectured 
by J.E. Humphreys that when p ^ h, the support varieties of the indecomposable tilting modules 
align with the nilpotent orbits given by the Lusztig bijection. In this paper, we shall verify this 
conjecture when G = SLn and p > n + 1. 


1. Introduction 

1.1. Let G be a reductive algebraic group scheme defined over Fp with Borel subgroup B and 
maximal torus T. Let <h, W, Wp = W x pL^ and E = Z<h E denote the root system, Weyl 
group, affine Weyl group and Euclidean space respectively. Moreover, let Gi denote the Frobenius 
kernel and let k be any algebraically closed field of characteristic p. 

To any finite-dimensional Gi-module M, one can associate a useful cohomological invariant called 
the support variety, which is denoted by Vg^{M) (cf. [NPVl Section 2.2] for an overview of the 
theory). It turns out that support varieties can be identified with subvarieties of the p-restricted 
nullcone 

= {x6 Lie(G) I xM = 0}. 

When p ^ h (the Coxeter number of G), one has A/i(G) = Af{G), where M{G) is the nilpotent 
cone ([FP]). So the theory of support varieties establishes a bridge between the cohomology of 
Gi-modules and the geometry of Mi{G). 

When M has the structure of a G-module, the support variety Vg^(M) is G-stable. It is known 
that there are only hnitely many G-orbits in AA = J\f{G) ([CM])- Hence, there are only finitely 
many closed subvarieties of M which can be realized as the support variety of a G-module. A major 
problem in representation theory has been to determine the support varieties of various types of 
modules for G. Over the years, a number of results have been obtained in this direction (cf. [NPV] . 
[DNP], [Hil, [C|). This paper will be dedicated to computing the support varieties for an important 
class of G-modules, known as the tilting modules (cf. [J] Appendix E] for a definition and overview). 

1.2. Let Wp denote the collection of all minimum length right coset representatives in W\Wp. 
By introducing a certain preorder on Wp, one may partition Wp into two sided cells (cf. [Hull 
7.15]). By intersection, one also obtains a partition of Wp into right cells (cf. |LXl Theorem 1.2]). 
Furthermore, there exists the Lusztig bijection, which establishes a correspondence between the 
right cells of Wjj' and nilpotent orbits (E)- 

For p ^ h, it was conjectured by J.E. Humphreys in 1997 that this bijection can be realized 
by taking the support varieties of the indecomposable tilting modules (cf. |Hu2l Hypothesis 12]). 
More precisely, for each w e Wjj', let [tc] Wjj' denote the unique right cell containing w and 
let cz J\f denote the orbit given by the Lusztig bijection. Also, for each A e X{T) + , let T(A) 
denote the unique indecomposable tilting module with highest weight A (cf. (Jj Lemma E.3]). 
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Conjecture 1.2.1. Suppose p ^ h, then for each w e Vgi(T(w ■ 0)) = 0[u,]. 

1.3. Weight cells. For simplicity, assume now that G is semisimple and simply connected. We 
will make use of the terminology to be introduced in Section [2j It is well known that there exists a 
bijection between the elements of Wp (resp. Wp ) and the set of alcoves (resp. dominant alcoves) 
of E. The space E is covered by subsets of the form C and C is covered by the intersections C n C, 
where C denotes the lower closure of an alcove C. Thus, the right cells in Wp can be identified 
with regions in C called weight cells. For each w e W^f, they are given by 

C[u)] = £ C I £ y • Cq, y e [re]}. 

In Section [3] it will be shown that if A,/r 6 C n X(T)+ for some alcove C, then VG'^(r(A)) = 
VG'i(T(/r)). Therefore, the following conjecture is equivalent to Conjecture 11.2.11 

Conjecture 1.3.1 (Humphreys Conjecture). Suppose p ^ h and A e C[^] n AL(r)+ for some 
w e Wp , then 

Hgi(T(A))=^. 

In 1998, Ostrik f |02( Theorem 6.8]) proved an analogous conjecture for quantum groups of type 
An, and in 2006, Bezrukavnikov ( [Bel 3.2. Corollary 3]) was able to extend this result to quantum 
groups of any type. Their results are summarized in Theorem 16.2.21 However, Conjecture 11.3.11 
still remains open for all types, and still makes sense when p < h. 

1.4. One of the major obstacles to proving Conjecture II.3.11 has been the difficulty of determining 
the weight cells C[u,]. Although when G is a reductive group of type An (i.e., G = SLn+i{k)), there 
is a result to due to Shi which gives an explicit description of the weight cells; it is described in 
Section m (cf. [S] for the original result). In fact, progress has already been made in the type An 
situation by Cooper, who first extended Conjecture 11.3.11 bv removing the assumption that p^ h. 
Cooper then made significant progress in verifying this conjecture for small primes, including a 
complete verification when p = 2 (cf. m Theorem 7.3.1]). 

To be more specific, in the type An case, it is well-known that the orbits of J\f correspond to 
partitions vr h n -I- 1 1 |CM] 1. So the Lusztig bijection establishes a correspondence between weight 
cells and partitions. In Definition 14.2.21 and Remark 14.2.31 these weight cells will be explicitly 
described by associating a partition, s(A), to each A 6 C. The main result of this paper is the 
following theorem, which verifies Conjecture 11.3.11 in type An for all n, when p > h = n + 1. 

Theorem 1.4.1. Let G = SLn+i{k) with p > n + 1, then for each A e A(T) + , 

VGdTW)='^. 

The proof of Theorem 1 1.4.1 1 will begin by showing that ^^(^"(A)) ^ C^s(a)‘ ^^ch A 6 X{T) + , 
which places an upper bound to the support variety Vg'i( 2^(-^))- This will require several steps: first 
in Section [2] some results regarding the alcove geometry associated to the affine Weyl group will 
be obtained and we will define the weak order on alcoves (see Definition 12. 2. ip . By recalling a few 
key identities involving translation functors and wall crossing functors in Section [3l Corollary 13.2.21 
will relate this order relation to the ordering of support varieties by inclusion. All of the results in 
these two sections will hold for arbitrary simple, simply connected groups. 

In Section m an explicit description of the weight cells in type An will be presented. The main 
result of this section is Proposition l4.3.5l which gives an equivalent characterization of the partitions 
s(A). Finally, Section [5] will include a proof of Proposition 15.1.71 which establishes the upper bound 
portion of Theorem 11.4.11 under the slightly relaxed assumption that p ^ n + 1. 

The remainder of the paper will be dedicated to establishing the lower bound. Section [6] will 
review the necessary definitions and facts about quantum groups. It will include a result by 
Andersen, which allows one to “lift” tilting modules over G to tilting modules over an analogous 
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quantum group (cf. m 5.3]). Some results and conjectures regarding the support varieties of 
these lifted tilting modules will also be presented, including a complete description of them in type 
A (see Proposition 16. 5. D . Section [7] will make use of the fact that in type A, every non-dense 
nilpotent orbit intersects a proper Levi factor (see Lemma l7.1.2p . Proposition 17.2.2] will give the 
lower bound, which will follow by making direct comparisons to the quantum case when p > n + 1. 
This proposition, along with Proposition 15.1.71 will yield Theorem 11.4.11 

Remark 1.4.2. It is useful to note that the support variety calculations for induced modules in 
[NPV] . the irreducible modules in |DNP| and the higher sheaf cohomology modules in |Ha| made 
explicit use of the known character formulas for the corresponding modules, to get the lower bound. 
However, character formulas for the indecomposable tilting modules, when G is not of type Ai, 
have yet to be determined. In fact, to the author’s best knowledge, there is no known conjecture 
which predicts the characters of all indecomposable tilting modules for arbitrary semisimple groups 
(see [LW| and |A2t 3.6: Remark (i)] for some partial results and conjectures). The lower bound 
calculation given in Proposition 17.2.21 will only utilize partial information about the characters. 
Namely, it will use the character formulas given by Soergel in [Solj and [So2j for quantum groups, 
and the identity (j6.3.ip . 

1.5. Acknowledgements. This paper is a part of the author’s PhD dissertation and he would 
like thank his PhD thesis advisor, Daniel Nakano, for all of his consultation during this project. 
I would also like to thank Henning Haahr Andersen, Jim Humphreys and William Graham, for 
their very helpful feedback. The author was partially supported by the Research Training Grant, 
DMS-1344994, from the NSF. 


2. Alcove geometry 

2.1. In this section, assume that is an irreducible root system of any type and that p ^ 1 is any 
positive integer. Let A = {oi,..., and 4>+ = NA n denote the basis and the set of positive 
roots respectively. Let E = Z<I> 0^ M be the Euclidean space. Then E is given the lattice ordering, 
where for X, fi e M, X ^ p will be taken to mean that p — Xe . Let oo ^ denote the maximal 

short root with respect to this ordering. The strong linkage relation also gives an ordering on E, 
where X p will denote when A is strongly linked to p (cf. m n.6]). 

The affine Weyl group Wp = IT ix is a Coxeter group with generators S = {sq, si, ..., s^}, 
where sq denotes the affine reflection and the generators si,... Sri correspond to the basis elements 
(see Definition [2T2] below). The group Wp is equipped with the standard length function 
£ : Wp —>■ N, where £{w) denotes the length of any reduced expression for w e Wp. Moreover, Wp 
acts on E by both the linear action and the dot action. As usual, the linear action will be denoted 
by A 1 -^ w{X) and the dot action will be denoted by A tc • A = w{X + p) — p, where p e E is the 
half sum of the positive roots. 

The group ITp is partially ordered by the Bruhat ordering, which will be denoted by Let W^ 
be the set of minimal length right cosets for the finite Weyl group W in Wp, and let 

C = {A 6 E I {A + p, a'^) > 0 for all a e A} 
denote the dominant chamber of E. For each a 6 <I>+ and n 6 Z, let 

Ha,np = {A e E I (A + p, o'") = np}, 

let Sa,np £ Wp denote the affine reflection across Ha,np (with respect to the dot action), and let 
^ ^ UaE#+ nez ^a,np- The Connected components of KfH are called alcoves. Let A denote the 
collection of all the alcoves. The collection of dominant alcoves will be denoted by it consists 
of all the alcoves contained in C. The dot action by Wp on E indnces a simply transitive action on 
A by sending C ^ w ■ C for any C e A and w e Wp. The set A also has an ordering induced by 
the strong linkage relation on E, where Ci \ C 2 if there exists Aj e Ct such that Ai f A 2 for i = 1, 2. 
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If C is any alcove, then it is uniquely defined by a set of integers {uq,}□,£$+, where 

C = {A 6 E I {Ua — l)p < (A + /9, a'^y < UaP, Ua ^ Oi B <!>+}. 

The upper closure of C is given by 

C = {A e E I {ua — l)p < {X + p, a'^y ^ riaP, e Z, a e 

The lower closure of C is defined to be 

C = {A e E I (no — l)p ^ {X + p, a'^y < UaP, no e Z, a e 

For each A 6 E, the unique alcove satisfying A 6 C'(A) is denoted by C'(A). The alcove given by 
no = 1 for all a e <I>+ is called the bottom alcove and will be denoted by Cq. 

Remark 2.1.1. One obtains a bijection between A (resp. .4.+ ) and Wp (resp. Wp) by identifying 
w w ■ Cq. This bijection identifies the strong linkage relation on A~^ with the Bruhat order on 
, where wi ■ Cq 1 W 2 ■ Cq if and only if wi ^ W 2 (cf. [Bc.i]). 

If {uo}o£ 4 >+ is a set of integers defining an alcove as above, then for any subset S c (1)+^ 

{A + /?, ) = UaP, if a e S' 

(ria — l)p < {X + p,a'^y < UaP, if a 6 <h^\S' 

is called a facette, where F C. We can similarly define the lower closure (resp. upper closure) 
F F (resp. F F). The collection of all facettes in E will be denoted by F, where T is also 
acted on by Wp via F ^ w ■ F ioi w e Wp and F e F. Each alcove is a facette in its own right, 
and thus A^ F. 

For any A e E, denote the unique facette containing A by F{X). Every non-empty facette is of 
the form F = F{X) for some A e E. Also, let 

Stabu/p(A) = {w € Wp I tc • A = A} 

denote the stabilizer subgroup of A e E. If the facette F = F{X) is given by S' c (!>+ and {na}ae^+ 
as above, then Stabiyj,(A) is generated by the set of reflections {so,nap}«eS- 

Definition 2.1.2. The walls of Cq are defined to be the hyperplanes: Hq = H^Q^p (called the affine 
wall) and Hi = Hafi for a e The elements of S are the reflections across the walls of Cq, which 
are given by sq = Sao,p Si = Sai,o for * = 1,... ,n. More generally, for an alcove C = w ■ Cq 
with w e Wp, the walls of C are the hyperplanes w ■ Hi ioi i = ... ,n. 

Remark 2.1.3. If C is an alcove defined by the integers {na}ae^+ j then a hyperplane Ha^mp is a wall 
of C (see Definition 12. 1. 2p . if there is an element A 6 H^^mp C satisfying Stabu/p(A) = {1, Sa,mp}- 
It follows that m e (ua — 1, naj, where if m = (resp. m = Ua — 1), then Ha^mp is called an upper 
wall (resp. lower wall) of C. Moreover, C f Sa,mp ■ C if and only if H^^mp is an upper wall of C. 

Lemma 2.1.4. For each facette F = F{X), 

F = {peF\X^w-X for all w e StabvLp(fr)}. 

Proof. Let F denote the right hand side of the stated identity. Suppose F is given by the data 
S c $+ and {na]ae^+- Iri other words, for all a f S, (ua — l)p < (A -I- p,Wy < UaP and for all 
a e S, yX + p, a'^y = UaP- 

Let us first show F F. By definition F F, so it suffices to show that F doesn’t contain 
any elements of the form p e F satisfying fp + p, Wy = npp for some (3 f S. However, if such a p 
exists, then the reflection sp^npp e StabvKp(/r) and A ^ sp,n/sp • A, since sp^npp • A = A -I- m/3, where 
m = npp — <A -I- p, /3'^) > 0. 
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To prove F ^ F, begin by choosing an arbitrary element fj, e F. Let T ^ be the collection 
of all fS e <1>+ satisfying (fj, + = (np — l)p. Then the stabilizer of fi is the subgroup of Wp 

generated by the reflections Sa,nap for a 6 S' and for e T. However, for all a e S, 

Sa,nap • A = A and for all P e T, sp^(^np-i)p • A = A + mf5 ^ A, since m = (n^ — l)p — {A + p, < 0. 

Therefore, p e F. □ 

If T is a facette, there exists a unique alcove C such that F ^ C. Moreover, if F is given by the 
data S ^ and {na}aG$+) then C is given by the integers {ma}cg$+, where rua = if a ^ S 
and rua = u-a + 1 if « ^ S'- Concretely, 

< (A + p, a''} < {ua + l)p, if a e S 

(uq — l)p < (A + p, a'^) < UaPi if a 6 <h^\S 

2.2. A useful refinmenent of the Bruhat ordering, called the weak ordering, can be placed on HT 
(see [Him 5.9]). 

Definition 2.2.1. Let wi,W 2 £ Wp be arbitrary and suppose wi = ti - ■ ■ is a reduced expression, 
then wi < W 2 if and only if there is a sequence of elements 

rci = Wq ^ ^ ^ = W2, 

where re' 6 Wp and w'^ = ti - ■ ■ tmi+i is a reduced expression for i = 0,..., m 2 - For any two alcoves 
Cl, 6*2 6 A, take Ci < C 2 to mean that wi < W 2 for the unique wi,W 2 £ Wp satisfying Wi ■ Cq = Ci 
for i = 1 , 2 . This defines the weak order on Wp (respectively A). 

The weak ordering restricts to give an order relation on Wp and A'^. 

Remark 2.2.2. If C e M is of the form C = w-Cq for some w e Wp, then for each z = 0,..., n and 
Si e <S, the alcove wsi • C is obtained by reflecting C across the wall w • Hi (see Definition I2.1.2p . 
Furthermore, if w,wsi e HC", then w ^ wsi if and only if w ■ Hi is an upper wall of C (see 
Remark 12.1.31) . Hence, if Ci = rci • Cq and C 2 = W 2 ■ Cq are two dominant alcoves, then Ci < C 2 if 
and only if there is a sequence of alcoves 

Cl = ca t... t = C 2 , 

where C( = ti • • • tmi+i • Cq for z = 0,..., m 2 . Thus, by Remark 12.1.31 for each z = 0,..., m 2 — 1, 
C'+i = sp.,„.p • C(, where /Si e ^>+ and His^^mp is an upper wall of C'. 

The following lemma gives an important characterization of the weak order. 

Lemma 2.2.3. Let Ci,C 2 £ be two alcoves defined by the nonnegative integers {na]ae^+ o,nd 
{ma}ae^+ respectively. Then Ci < C 2 if and only if na ^ ma for all a e 

Proof. Let Ci = zui • Cq and C 2 = W 2 ■ Cq, and suppose Ci < C 2 . Thus, wi = ti • • • tmi and 
W 2 = ti - ■ ■ tmi+m 2 as in Definition 12.2.11 Let C( = ti • • • tmi+i ■ Cq £ A'^ for z = 0, • • • , m 2 . For 
each z, the alcove C( is defined by the set of integers {{na)i}ae^+ ■ By Remark 12.2.21 there exists a 
root fii 6 <I>+ such that C'_,_]^ = sg.^fn^^ pp ■ C[, where is an upper wall of C'. Thus, 

{na)i if a ^ A 

{na)i + 1 if a = /Ij. 

It follows that zZq ^ {na)i ^ ^ {na)m 2 = for all a e <h+. 

For the converse, perform induction on d = XiQs$+ — Ra- Observe that since m^ ^ u-a for all 
a e $+, then d is equal to the number of hyperplanes separating Ci and C 2 . This is because the 
complete set of hyperplanes separating Ci and C 2 is given by 

(2.2.4) {Ha,kp I a 6 <I>+, Ua ^ k ^ma- 1}, 




C = Ue E 
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and has d elements. 

The case where d = 0 holds becanse Ci = C 2 implies Ci < C 2 - Now for the inductive step, 
suppose d ^ 1. Then Ci C 2 since d > 0, and so there must exist some wall of Ci which separates 
Cl and C 2 - If this wall is given by for some j3 e then by Remark 12.1.31 m e {n^ — 1, n^}, 

and by (|2.2.4I) . ^ m ^ — 1. Thus, m = n^, and hence Hp^^np is an upper wall of Ci. The 

alcove given by C = sp^mp ■ Ci e is defined by the integers {nQ,}Qg$+, where 


ra 


Ua if a ^ /3 

TT-a + 1 if a = /3. 


Thus, ra ^ rria for all a e XioE<i>+ — fa = d — 1 and, by Remark 12.2.21 Ci < C. By the 
inductive hypothesis, C < C 2 , and therefore Ci < C 2 - □ 


By Remark 12.1.11 it follows that if Ci < C 2 , then Ci | C 2 - Since by definition, if wi < W 2 , then 
wi ^ W 2 - However, Ci | C 2 doesn’t generally imply Ci < C 2 (see the argument in Remark 13.2.31 
for a counterexample). 


2.3. Stabilizer subroot systems. Each A 6 E can be associated to a certain subroot system of 


Definition 2.3.1. For each a e $, let da = (a, a)/(a 0 ) «o) £ {Ij 2,3}. For A e E, define 

= {a e ^ \ da{X + p, o'") e pE} 

to be the stabilizer subroot system of A. 

Now <I>A,p is a closed subroot system of <I> because for any two roots a,/3 e <I>, da+pia + /3)'^ = 
daa''' + dpjd'' (cf. [NPVt 6 . 2 ]). Subroot systems can also be associated to facettes, since F e F 
is a facette and X, p e F, then 

Definition 2.3.2. For each F e F and any Xe F, the stabilizer subroot system of F is given by 
HF) = ^x,p. 

Let X c E denote the lattice consisting of all A e E satisfying (A + p, a^) e Z for any a e <I>, 
then Z<1> c X E. A basis of X is given by the fundamental weights ui,... ,0Jn e X, which 
satisfy (u}i,aj} = 6 ij. In fact, if 4) is the root system associated to a semisimple, simply connected 
algebraic group G, then X = X{T) is the weight lattice for G. The extended affine Weyl group 
is given by Wp = W tx pX, where Wp < Wp. The dot action of Wp on E induces an action on F, 
where for each F e F 

(2.3.3) Wp-F = {F' eF \ $(F') = w{^{F)) for some w e IF}. 

2.4. Lattice points. In this subsection, we assume that p is a prime number. 

Definition 2.4.1. A prime p is said to be good for a root system if for any closed subroot system 
‘h' c the quotient Z^h/Z^h' has no p-torsion. Equivalently, p is good unless has a component 
of type Bn, Cn, F>n and p = 2; has a component of type Eq, F 7 , F 4 , G 2 and p = 2,3; or has a 
component of type Eg and p = 2,3, 5. 

Remark 2.4.2. It follows that p is good for <I> if and only if p is good for Also, if p ^ /i, then 
p is a good prime for (and equivalently for <h'^). 

It will be useful to determine precise conditions under which a facette F satisfies F n X A 0, 
when p is good (or p ^ h). Notice that if A e A, then {A + p, a^) e Z for all a 6 <I>, and thus is 
also a closed subroot system of <h'^(cf. [NPVl 6.2]). Furthermore, since p is good and Z4>'^/Z4>)(p 
contains no p-torsion, it can verified that 

(2.4.3) = {(x G ^ I fX + p, cGf £ pE}. 
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Definition 2.4.4. A parabolic subroot system of is defined to be a subroot system of the form 

= ZI n <f>, 


where / Q A is any subset. 


The following lemma gives necessary conditions for when T n A A 0- 

Lemma 2.4.5. Let p be good and suppose F e iF satisfies T n A A 0, then <h(T) = w{^i) for 
some w e W and some / c A. 

Proof. Let X e F n X , then 4>(T) = ‘hA,p- By the comments above, is a closed subroot system 
of and contains no p-torsion. If a 6 4* satisfies ma'^ e for some m e Z, then 

m(X + p,a'^} = {X + p, ma'^y e pZ. 

Since Z^'^/Z^f^ contains no p-torsion, then p \ m. It follows that e and thus a e ^x^p- 
Therefore, <I>A,p = Q4>A,p n 4> and, by [Bl Proposition 24, p. 165], there exists / c A and w eW 
such that = w{^i). □ 

When p ^ h, necessary and sufficient conditions for when F n X 0 can be determined. 

Proposition 2.4.6. Let p ^ h be prime, then F e F satisfies F n X ^ 0 if and only if <h(T) = 
w{^i) for some w e W. 

Proof. First suppose that <h(T) = w{^j) for some w e W and / c A. If A + p = then 

since p ^ h, <hA,p = 4>/. By (|2.3.3p . there exists x e Wp such that F = x ■ F{X). Then x ■ X e F n X . 
Since p is good, the converse follows from Lemma 12.4.51 

□ 


3. Translation functors and tensor ideals 

3.1. In this section, translation functors will be employed to establish some identities relating < to 
inclusions of thick tensor ideals and support varieties of tilting modules (see the definition below). 

Definition 3.1.1. For any reductive group G over a field k of characteristic p > 0, let T = F{G) 
denote the full subcategory in the category of rational G-modules, consisting of all finite-dimensional 
tilting modules for G. 

For each M e F, the thick tensor ideal generated by M is given by 

<M> = {A e n A I M 0 L for some L e T). 

Where M | A for M, N e F, denotes the existence of a decomposition of the form N = M 0T for 
some F e F. 

If Ml, M 2 e F satisfy {Mi) c (M 2 ), then Vg'j(Mi) c 10^(M 2 ). Now recall the definition of 
translation functors (see also Lemma l6.2.ip . 

Definition 3.1.2. Let M be a rational G-module. Then for any X, p e A(r)+ n C for some alcove 

0 , 

r!)M = pr^(M0r(u)), 

where pr^ denotes the projection onto the block containing the simple module L{p). If Xo,po e Gq 
with Ao £ Wp ■ X and po ^ Wp ■ p, then u e X(F)+ satisfies n = w{po — Aq) for some w € W (cf. [Jl 
11.7: Definition 7.6 and the remarks following Lemma 7.7]). 

The following proposition is a clarification of [Jl Proposition E.ll], which contains a minor 
mistake in the statement. It provides some information about the behavior of tilting modules 
under translation functors. 
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Proposition 3.1.3. Let X,fie X(T)^ satisfy /i e F{X), then T^T(p) ^ T{X) and 
(3.1.4) T^T{X) = [Stabiy^(/x) : StabvY^(A)] T{ia). 

In particular, (T{X)} = (r(/i)). 

Proof. By Lemma r2.1.4[ A ^ ti; • A for all ti; e StabvEp(Ai). The proof of [J| Proposition E.ll] then 
implies ()3.1.411 . □ 

In general, if // 6 F{X)\F{X), then the structure of modules such as T^T{X) or T^T^T{X) is 
much more difficult to describe. However, the following lemma gives some insight into this case. 

Proposition 3.1.5. Let X, p e X(T)+ and suppose p e F{X). If X' is the maximal element of 
Stabwpih) ■ then it is the highest weight of the tilting module QT{X) = T^Tj^T{X), and thus 
r(A') I 0T(A). 

Proof. By definition, r(A) has a filtration 

0 = Fo^ ^ Fm = T{X) 

where Fi/Fi^i ^V{xi- A) and Xi e Wp. Now, due to the exactness of the translation functors and 
[Jl Proposition II.7.13], T^T{X) has a filtration 

o = F^c...cF;, = r_(‘r(A), 

where = T^V{xi ■ A) = V{xi ■ p). Likewise, QT{X) has a filtration 

0 = F^'c...^F" =0r(A), 

where Ff/Ff_i = T^V{xi ■ p). If Stabwp(li) = {?/i,... then by [Jl Proposition 11.7.13], each 
TpV{xi ■ p) has a filtration whose layers are V{yjXi ■ X') for j = l,...,r. Thus, 0T(A') has a 
filtration with layers V{yjXi • A') for i = 1,..., m and j = 1,..., r. 

In particular, every layer of the filtration is of the form V{z ■ A^), where z ■ p ^ p. It follows that 
A' is a maximal weight with respect to the lattice ordering, and since 0T(A) is a tilting module, it 
also follows that r(A') | 0T(A). □ 

3.2. For the rest of this section, assume p ^ h and G is simple and simply connected. Then the 
ordering < can be directly related to the inclusion ordering of thick tensor ideals. 

Lemma 3.2.1. If X, p e X(T)+ satisfy C{X) < C{p), then 

<r(A)> 3 <T(^)>. 

Proof. By Proposition 13.1.31 we may assume X, p e Wp ■ 0, since any two indecomposable tilting 
modules whose highest weights lie in the lower closure of the same alcove must generate the same 
thick tensor ideal. Since C(A) < C{p), then by Remark 12.2.21 there is a sequence of dominant 
alcoves 

c(A) = cac(T---Ta, = c(/r), 

such that for i = 0,..., m 2 — 1, C'j^+i = sp. n p ■ C'^, where /3i 6 and Hp. ^ p is an upper wall of 

q. 

For i = 0,..., m 2 - 1, let Aj+i = sp^^mp ■ A*, then 

A = Aq t -^1 t ■ ■ ■ t ^m2 ~ h- 

Now since p ^ h, then it follows from [Jl 11.6.3 (1)] that for each i there exists an element i^i e 
C[ n X(T)+ such that Stabwp(t'i) = {^■,sp^^nip]■ If 0i = T^.Tq*, then by Proposition 13.1.51 

T{Xi+i) I 0*r(AO, 

and thus 

<r(A0> 3 <0,T(A,)> 3 <r(A,+i)>, 
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for i = 0,..., m 2 — 1. Therefore, (T(A)} ^ (T(/i)). 

□ 

The relationship between thick tensor ideals of tilting modules and their support varieties gives 
us a useful corollary. 

Corollary 3.2.2. If X, fj, e X(T)^ satisfy C'(A) < C{yi), then 

VGATW)^VGAT{h))- 

Remark 3.2.3. It would be tempting to hope A | /x implies Vgi{T{X)) ^ VGi{T{fi)), but this is 
not true in general. For example, take G = SL^{k) with p ^ 3 and let 

\ + p= {p+ 1 )UJI + {p+ 1 )UJ 2 , 

p + p = Sei-e 2 , 2 pi^ + P) = (3p - l)a;i + 2 u;2 

(see Section 0] for notation). Then A | /x, since p — X = {p — l)(ei — 62 ) but (/x + p,e 2 — € 3 ) < p, 
while <A + p, € 2 - € 3 ) > p. Also, Vd'i(r(A)) = {0}, while Vd'i(r(^)) {0}. 

The next lemma relates the support varieties of tilting modules to the support varieties of induced 
modules. 

Lemma 3.2.4. Let X e X{T) + , then ^ ^Gi{H^{p)) for any /x 6 C'(A) n X(T) + . 

Proof. Since /x e C(X), then by Proposition 13.1.31 {T(A)) = (T{p)}. Furthermore, since T(/x) has 
a good filtration whose layers are of the form ■ /x) with w e Wp, then by [NPV) Proposition 

6.2.1], VG,{np)) e Vg,{H\p)). Therefore, 

VgAT{\)) = ^Gi(T(/x)) Q VgAH\p)). 

□ 


We have established the following proposition, which will be a key component in the proof of 
Theorem 11.4.11 

Proposition 3.2.5. Let A,/x 6 X(T)+ satisfy C'(A) < C{p), then for any v e C(X) n X(T) + 

VG^(ff») ^ Vg,(T(X)) 3 Vg,(T(p)). 

4. Cell regions in type An 

4.1. For the next two sections, we will assume that k is an algebraically closed field of characteristic 
p > 0 and G = SLn+i(k). The roots are given by 

^ = {€i - ej I 1 ^ i,j ^ n + 1, i ^ jj, 

4>+ = {cj - Cj I 1 ^ ^ n + 1, i ^ jj, 

^ ~ {^1 ^ 2 ) • • • Xn r^n+l }) 

where ei,...,en+i is the standard basis for E = The corresponding fundamental weights 

are denoted by oji,...,cUn e X{T) + . Since is simply-laced, it can be normalized so that every 
root has length Then a'^ = a for all a 6 4>. The Weyl group W = S„+i is the group of 
permutations of {l,...,n-|-l}, where for any w e S„+i and €i — ej e define 

w{ei Cj) ^w{j)' 

In particular, the reflections = (b j) £ (in cycle notation). 

Let V denote the set of all partitions of n -I- 1. For each partition vr = {pi,P 2 , ■ ■ ■ ,Pr) £ T* with 
Pi ^ P 2 ^ ^ Pr ^ Ij let x,r £ A/" denote the nilpotent matrix which is a direct sum of Jordan 

blocks of sizes pi,... ,pr and let = G • The assignment vr gives a bijection between V 

and the set of G-orbits in Af ( [CM] ). 
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Definition 4.1.1. The set V is equipped with the dominance ordering, where if tt = {pi,P 2 , ■ ■ ■ ,Pr) 
and a = {qi,q 2 , ■ ■ ■, qs), then vr ^ a if and only if for A: = 1,..., n + 1, 

Pi H- \-Pk ^qi-\ - qk, 

where pfc = 0 (resp. q^ = 0) k > r (resp. k > s). Moreover, V has an order reversing transposition 
operation, denoted tt i—> tt*. 

Remark 4.1.2. If vr, u 6 V, then c if and only if vr ^ cr (cf. [CM])- 

Furthermore, V also has a supremum (or least upper bound) operation with respect to 

Definition 4.1.3. Let {vri,..., 71^} be any subset of V, then there exists a least upper bound 
TT = supIvTi,... ,7ri}. To define vr, set tt, = (pi,i,... ,Pi,ri) for i = 1,..., t, then vr = (pi,... ,Pn+i), 
where pi = maxjpi^i,... ,pt,i} and for i ^ 2, 

Pi H- \-Pi= maxjpip H-hpi,*, - - - ,pt,i H- \-Pt,i}- 

It follows from Definition 14.1.11 that vr satisfies the least upper bound property. 

Example 4.1.4. Suppose n + 1 = 6, tti = (3,3) and 712 = (4,1,1), then sup{7ri, 712 } = (4,2). 

From Definition 12.4.11 recall that every prime p is good for 4>. As da = 1 for all a, we have 

4?^ p = {o G 4> I <(A + p, (xy G pZ} 
for any A G E (see Definition 12.3.ip . 

Definition 4.1.5. Any subsystem <h' c 4) is conjugate to one of type x Apj-i x • • • Ap^_i, 

where pi ^ P 2 ^ ^ Pr ^ 1 and Aq denotes the type of the empty root system. Thus, it can be 

associated to a partition which is given by 

7r(4>') = (pi,P2,..-,Pr) 

More explicitly, this partition is obtained by choosing a basis A(4>') for 4>' and decomposing A(<h') = 
Ai u • • • u Ar, so that for some w g W, 

i(;(A(4>')) = Ii u I 2 u ■■■ u Ir 'A A, 

where w{Ak) = 4 , ^4 is of type Ap^^.i and pk = |Afc| + 1 for /c = l,...,r (if = 1 , then 
Ak = Ik = 0 and $4 = 0 ). 

This allows us to associate a partition to each A G E (or equivalently to each F e 0). 

Definition 4.1.6. For any A G E, let d(A) = 7 r( 4 >;),^p). 

If A G X{T) + , then by [NPVl Theorem 6.2.1], Vg,{H°{X)) = O^. 

4.2. Now we shall give a description of the cell regions in type A which is inspired by the treatment 
given by Shi in [S] and paraphrased by Cooper in 0 4.1]. 

Definition 4.2.1. A subset T c is said to be a positive subroot system if T = r(;(4'j ) for some 
/ c A and w g W. The set A('I') = w{I) will be referred to as a basis of T because w{I) is a basis 
of the subroot system t(;(4>/) c 4 ). We can define 7 r('I') = 7 r( 4 >/) to be the partition associated to 

T. 

A basis of a positive subroot system is also a basis for an actual subroot system of <h. Thus, 
a subset A' ^ is a basis for a positive subroot system only if for any two distinct elements 
a,/3 G A' with a = €i — ej and f3 = Ck — ei, one has ma,i3 = (a,/3) e {0, —1}. The ma,i3 = 0 case 
occurs precisely when the indices i,j,k,l are all distinct, and the = —1 case occurs precisely 
when either i = I or j = k. Conversely, suppose A' Q 4>+ is a basis for a subroot system of 4>, then 
A' = Ai u • • • u A^ with 

Xk — {cife i ~ ^4,2 1^4 ,2 “ ^ 4,3 > ■ ■ ■ ^4.pj,-i “ ^4.pj,}’ 
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where < ik ,2 < ■ ■ ■ < ik,pk ^ ^ ^ Pr ^ 2. Let w e W = Sn+ij where 

w{ik,j) = Pi + P2 + ■■■ + Pk + j 
for A: = 1 ,..., r and j = 1 ,... ,pk, and 

w{i) = i 

if i ^ ikj for some k,j. Now if / = Ji u /2 u • • • u where 

h = {^pi+---+Pk-i+j ~ ^(pi+ - +pfc_i+i)+i}i=i,---,Pfc-i 

for k = 1,..., r, then A' = Thus, A' is a basis for the positive subroot system T = ) 

and A' = A(T). Moreover, the partition associated to T is given by 

7r(T) = 

For example, if n + 1 = 7, then the subset {ei — ee, 62 — 64,64 — e^] Q is a basis for a positive 
subroot system. However, the subset {es — 66,63 — 65 } ^ $”*" is not a basis for a positive subroot 
system. 

The following partition can be used to describe both the weight cells and the Lusztig bijection 
in type An (cf. Section flTHD . It was originally defined by Shi (cf. [5]). However, the following 
formulation of the definition was given by Cooper in [U1 4.1]. 

Definition 4.2.2. For each A e C, set 

Fa = {a e \ {X + p,a) ^ p} 

and define 

s(A) = sup{ 7 r(il') I T Q Fa is a positive subroot system}. 

Remark 4.2.3. Under the correspondence between V and the set of nilpotent orbits, each partition 
TT e V defines a weight cell c C, consisting of all A 6 C satisfying s(A)* = vr. The bijection Ctt O-,^ 
establishes the Lusztig bijection between weight cells and nilpotent orbits. 

At this point, all of the notation required to understand the statement of Theorem II. 4. II has been 
introduced. In fact, a more general conjecture which places no assumption on p was formulated, 
and then verified for p = 2 by Cooper in [C] . 

Conjecture 4.2.4 (Cooper). For any A 6 A(T) + , Vg'^(T(A)) = Og^xy. 

Conjecture 14.2.41 is equivalent to the statement that for vr e P and A 6 Cjr n X(r) + , Vq^ iT{X)) = 

a. 

4.3. Good positive subroot systems. According to Definition l4.2.2l s(A) is calculated by taking 
the supremum over all partitions of the form 7r('I'), where T ^ Fa is a positive subroot system of 
Fa. However, it will soon be shown that s(A) can also be calculated by taking the supremum of 
a smaller subset of partitions. Namely, the set of partitions of the form '/r('I'), where T c Fa is a 
good positive subroot system (see the following definition). 

Definition 4.3.1. A positive subroot system T c (i)+ is called good, if there are no two elements 
a,(3 e A(T) satisfying a < fd. 

Remark 4.3.2. If 4/ 7 ^ 0, then it can be verified that T is good if and only if 

A('I') — { 6 q — 6 j 4 , 6*2 ~ 6 j 2 ) • • • ) ^ir ~ ^jr} ) 
where < ^2 < • • • < ir and ji < j 2 < ■ ■ ■ < jr- 
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For example, if n + 1 = 5, then the positive subroot system with basis {ei — € 4,62 — £ 3 } is not 
good since £2 — £3 < ei — £4. On the other hand, {£1 — £4, £2 — £5} is the basis for a good positive 
subroot system. 

For any positive subroot system ih c let 

F^f = {a 6 <i>^ I a ^ /3 for some fi e^>}. 

If ih c F;, is a positive subroot system, then Fijr ^ F^ because for any a 6 F^r, there exists 
/3 6 Q F;, satisfying a ^ (3. Thus, since A e C, 

<A + p,a> ^ <A + p,/3) ^ p. 

Moreover, for any good positive subroot system T' c F^,, 7 r('I'') ^ s(A). 

Lemma 4.3.3. Let 'll c $+ a positive subroot system. Then there exist good positive subroot 
systems Ti,..., 'I't c F^r such that 71 ( 41 ) ^ sup{tt{^i), ..., 71 ( 414 )}. 

Proof. For each positive subroot system 'll c let 

M 4 , = {{a,/3} e A(4') \ a < /3} 

and mqr = |M\i(|. We shall perform induction on m = m\ii ^ 0. The base case, m = 0, follows from 
the fact that = 0 if and only if 'll is good. For the inductive step, suppose m ^ 1 is arbitrary 
and that for any positive subroot system 'll c 4>^ satisfying < m, there exist good positive 
subroot systems ihi,..., ihi c F^, such that 7r('Ii) ^ sup{7r('Iii),..., 7r('Ii4)}. 

Now suppose 'll c $+ satishes = m. Let A(4i) = Ai u • • • u A,, and 7r('Ii) = (pi,... ,Pr) be 
as in Definitions 14.1.51 and 14.2711 For each k satisfying A^ ^ 0 (i.e., pk ^ 2), write 

Afc — ~ ^ik,2i }’ 

where ikp < ik ,2 < ••• < ik,pk- Since mqr ^ 1, there exists ai = - £*(^,^^+1 e A^j and 

0^2 = ^it 2,32 ~ ^**2 S 2+1 ^ ^*2 such that ai > a 2 - Our goal is to construct a new positive subroot 
system 'll" c 4>^ by replacing the two “bad” roots a;i,Q !2 with two non-comparable roots /3i,/?2 in 
such a way so that 4i' c F^, and < mq/. 

To do this, let 4i' c F 4 , denote the subroot system whose basis, A('Ii'), is obtained by taking 
A(4') and replacing the roots ai, 02 with /3i = -<^it 2 ,s 2 +i h = ^H 2 ,s 2 respectively. 

The inclusion 'll' c T^, holds because /Ifc ^ 02 for A: = 1, 2 (which implies /3i,/32 e T^,). There is a 
decomposition, A ('ll') = A} u • • • u A},, where 

^ “ ^**1,25 • • • 5 “ £it2.s2 + H • • • ’ ^h2,Pt2-l “ ^U2.Pt2 

^*2 ^ {^**2,1 “ ^**2,25 ■ ■ ■ ) “ ^hi.si+l ) • • • ) } 

and A^ = A^ for k f {^ 1 ,^ 2 }- For each k, let p'j^ = |A^| -I- 1. Then p(, = pk for k f {ti,t 2 } and 
P'ti Pt 2 ^ Pl T pt 2 (however, we cannot assume that ^ p' whenever k < j). In any case, 

71 ( 41 ') = (p;(i),p;(2),...,p;(p)), 

where p(-(i) ^ Pt{ 2 ) ^ ^ P'rir) t is a permutation of {1,2,..., r}. Also, 

p'l H +Pi^ Pr{l) H + Pr(i) 

for 7 = 1,..., r. 

Furthermore, mq,' < mq,. To see why this is true, begin by observing that if 

{a, (3} c A(4'')\{/3 i,/ 32} = A(4')\{a;i, 02 }, 

then {a,/3} 6 Mqri if and only if {a, (3} e Mq,. By dehnition, {/3i,/32} f Mq,,. Thus, it will be 
sufficient to show that the number of subsets of the form {a,f3k} £ Mq,, is no greater than the 
number of subsets of the form {a,ak} £ Mq,, where a e A('Ii')\{/3i,/32}. 
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First suppose a e satisfies {a,/3/c} e Mq,/ for both k = 1,2. If a > /3k for k = 1,2, then 

a > ai > a 2 i and hence {a, e Mq, for both k. Similarly, if a < f3k for both k, then {a, afc} e Mq/ 
for both k. If a > j3i and a < ( 32 , then a> a 2 and a < ai (since /3i > 02 and (32 < ai), and hence 
{a, Uk} e Mq, for k = 1,2. Likewise, if a < (3i and a > ( 32 , then {a, Uk} e Mq, for both k. Suppose 
now that {a, (3^} e Mq,/ only for a single k. In this case, if a < (3^, then a < ai since (3k < ai, 

and thus {a,ai} e Mq,. Similarly, if a > (3k, then a > 02 and { 0 , 02 } e Mq,. So the number of 

pairs of the form {a, (3k} e Mq,/ is no greater than the number of pairs of the form {a,ak} e Mq,. 
Therefore, mq,/ ^ mq, — 1. 

For simplicity, assume ti < t 2 (the exact same argument will also work when ti > ^ 2 )- Define 
to be the positive subroot system with basis A('I'") = A('I')\At 2 . Then 'L" c r<i, and mq,// < mq,, 
since Mq,// Q Mq,\{{ai,a 2 }}. The partition associated to is given by 

7r(^'") = (pi,... + ... ,Pr, 1, • • • , !)• 

Let vr = sup{7r('L'),7r('L")}, and write tt = [qi,... ,qn+i) with qi ^ q 2 ^ ^ Qn+i ^ 0. By 

Definition 14.1.31 7r('I'") ^ vr, and hence 


Pi + ■■■ + Pi^qi +■■■ + Qi 
for i = 1 ,..., t 2 — 1- Moreover, since = Pti + Pt 2 i then 

Pi + • • • + Pi = Pi + • • • + p( ^ Pt{i) + • • • + P'T{i) ^ qi 3- ■ ■ ■ + qi 

for i ^ ^ 2 - Thus, 7r('L) ^ tt. Now by the inductive hypothesis, since mq,/ < m and mq,// < m, 
there exist good positive subroot systems ..., ikj, Q Fij,/ and di",..., ik",, Q Fij,// such that 
7r('k') ^ sup{7r(4''^),... ,7r('k(,)} and 7r('k") ^ sup{7r(4;'"),... ,7r('k"„)}. It follows that 

7r(^') ^ TT ^ sup{7r(4''i),..., 7r(4'(,), 7r(^'"),... ,7r(^'"«)}, 

where ..., 'k^,, ik",..., 'k",, c r,j, are good positive subroot systems. 

□ 


For the sake of clarity, a nontrivial example demonstrating the algorithm which was used in the 
above lemma has been included. 

Example 4.3.4. Suppose that n + 1 = 6 and let A('k) = Ai u A 2 , where 

Ai = {ei — es, es — eq, eq — ee} 

A2 = {e 2 — £5}- 

Then mq, = 1 = |{{e3 — eq, €2 — £ 5 }}! and 7r('k) = (4, 2). Let ai = £2 — £5 and 02 = £3 — £4 be as in 
the above proof, then / 3 i = £2 — £4 and /32 = £3 — £5- Thus, A('ki) = A'^ u A2, where 

^1 = {£1 — £ 3 , £3 — £ 5 } 

^'2 = {^2 — £ 4 , £4 — £6}- 

Then 'Ll is good, Ti^j c Fijr and 7r('ki) = (3,3) ^ 71 ( 41 ). Following the algorithm given in the 
preceding proof, we can also obtain the good subroot system '^2 with basis 

A(4'2) = {£1 - £ 3 , £3 - £ 4 , £4 - £6}, 

by removing £2 — £5 from A('k). Then r,i (2 — Tip and 71 ( 412 ) = (4,1,1). Finally, observe that 
71 ( 41 ) = sup{7i(4ii), 71 ( 412 )}. 

The following proposition gives an equivalent characterization of the partitions s(A) e V for 
AeC. 

Proposition 4.3.5. For each A e C, 

s(A) = sup{7r(4i) I 41 Q F;, is a good positive subroot system}. 
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Proof. Let tt = sup{7r('I') | it c is a good positive subroot system}. It follows immediately that 
TT ^ s(A). Conversely, by Lemma [4.3.31 for each positive subroot system 'I' ^ La, there exist good 
positive subroot systems such that 

TT ^ sup{4'i,..., iLt} ^ 7r('I'). 

Thus, TT ^ 7r('I') for any positive subroot system T c La, and hence vr ^ 'S(A). □ 

5. The upper bound 

5.1. In this section, we will prove the upper bound portion of Theorem 11.4.11 A key tool will be 
the following lemma, which illustrates the importance of good positive subroot systems. 

Lemma 5.1.1. // A e C and T c La c (k+ is a good positive subroot system, then there exists an 

element fi e C such that 2 T and C{p) < C'(A). 

Proof. Let X e C and let T c La be a good positive subroot system. If T = 0, let fi + p = 
(1/n,..., 1/n) be given in fundamental basis coordinates. Then C{p) is the bottom alcove, and 
hence C{p) < C{X) since C'(A) e . Furthermore, 3 = 0. 

For the rest of the proof, we shall assume that T A 0- In this case, A('I') = {ai,..., otr}, where 
ock = Cifc — ejj., A < *2 < • • • < and ji < j 2 < ■ ■ ■ < jr- By performing induction on the rank 

r = |A('I')| ^ 1, it will be shown that there exists p e C satisfying 

(1) {p + p, ai} = p for any Oi e A('I'), and thus 2 \k, 

(2) (p + p,€i- ej^-i) < p and {p + p, ep+i - Cn+i) < p, 


(3) C(^)<C(A). 

For each e $+, let Uij ^ 1 be the unique integer satisfying 

(Uij - l)p S^{X + p,€i- €j} < Uijp. 

It is useful to remark that Lemma 12.2.31 implies that (3) will follow if 
(5.1.2) (p + p,€i- Cj) < Uijp 

is satisfied for all e 

For the base case, suppose r = 1, then A(T) = {ep — €j0. Now let pe C be given by 

p -\- p = (cii, . . . , Q-n)) 

where = 1/n for k ^ ii + 1, ap = p — and, if fi > 1, = a for k ^ ii — 1 with 

0 < CL < jp^iy^i- Then p automatically satisfies (1). Moreover, 

(p + p,ei- ep-i) = (p + p,ei- ep) + {p + p, ep - ep+i) + (p + p, ep+i - ep-i) 

i- ^ ( ji - n - 1\ ji -T - 2 

= [ii - l)a + { p -H- 

\ n J n 

r ^ 1 

= (fi — l)a + p - <p 

n 


and 


n-ii-l 

{p + p, ep+i - Cn+l) = - < p, 

n 

so (2) is also satisfied. To show (3), first observe that since (2) holds, then if e* — Cj ^ ep 

(p + p,€i- Cj) < p ^ npp. 

On the other hand, since {p + p, ei — Cn+i) < p + 1 < 2p, then if e* — Cj ^ ep — 

(p + p,ei- ej) < 2p ^ npp, 


— e 
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where riij ^ 2 because 

p^(A + p, €i^ - ^(X + p,ei- ej), 

and hence 2 ^ ^ riij. 

For the inductive step, suppose r ^ 2 and that for any good positive subroot system 'h' ^ r;^ 
with |A(^'')| < r, there exists u e C satisfying conditions (1), (2) and (3). Now let 'h ^ r;v be a 
good positive subroot system with A('h) = {ai,..., where ak = — ej,., ii < 12 < ■ ■ ■ < ir 
and Ji < J 2 < • • • < jr- Our goal is to find an element p e C corresponding to which satisfies all 
three conditions. Suppose 

p -\- p = (cii, . . . , On)) 

using fundamental basis coordinates. Thus, to determine p, it suffices to determine the appropriate 
coordinates oi,..., On. 

Let T' T be the good positive subroot system with basis A('I'') = {a 2 , ■ ■ ■ ,ar}, then by the 
inductive hypothesis, there exists u e C corresponding to T' which is given by 

u + p = ( 61 ,... , 6 n), 

and satisfies conditions (1), ( 2 ) and (3). We begin by choosing the coordinates ap,... ,an- Set 
Ofc = bk for all /c ^ + 1 , and set 

Oil = P - (bp+i H-h 

Observe that 61 + • • • + 6 ji-i < p because u satisfies ( 2 ) and ji < j 2 - It follows that ap > 0. 
Furthermore, 

{p + p, ep — Cjj) = p — (bp+i + • • • + bj^-i) + bp+i + • • • + = p 

and for each k ^ 2 , 

(p + p, ep - ep) = {v + p, ep - ep) = p. 

Moreover, 

{p + p, ep+i - en+i) = (iy + p, ep+i - en+i) < P- 

Thus, ap,... ,an are chosen in this way, then p satisfies (1) for any choice of positive real numbers 
ai,... ,ap-i. Additionally, if ii = 1, then p already satisfies ( 2 ) because 

(p + p,ei- ep_i) = p- bp_i < p. 

Also, if ei — ej e and i ^ ii + 1 = 2 , then 

(p + p,ei- ej) = {v + p,ei- ej) < npp, 

If i = 1 and j ^ ji — 1, then 

(p + p,ei- ej) ^{p + p,ei- ej^-i) <p^ ripp, 

and if j ^ ji, then 


(p + p,ei- ej) = {p + p,ei- ej,) + (p + p, ej, - ej) 

= p + (u + p, ej, - ej) 

< {nj,j + l)p 

^ nijp. 

The inequality nj,j + 1 ^ nij holds because 

<A + p,ei- ej) ^p + (X + p, ej, - ej) ^p + {nj,j - l)p = nj,jp, 

where we set nj,j = 1 if ji = j. Therefore, the third condition is also satisfied by p when zi = 1, 
so now assume ii ^ 2. 
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The problem reduces to finding positive integers oi,..., such that (2) and (3) are completely 
satisfied by /r. Let us first assume that 

Qj (l± ‘ * ‘ 

where a > 0. If a < 6 jj_ 2 /(ii — 1), then 

+ p,ei- = (p + p,ei- ei^y + (p + p, ep - 

(5.1.3) = {ii - l)a + p - bjj ^-2 

< P, 

and hence p satisfies ( 2 ). 

It remains to determine sufficient conditions on a so that p satisfies (3). If f > zi, then 

(p + p,€i- ej) = (v + p,ei- ej) < rpjp, 

by condition (3) on u. Furthermore, if j < ji, then by ()5.1.3I) . 

(p + p,ei- ej) ^{p + p,ei- ej^-i) 

= {ii -l)a+p - {bj+i H-h 5 ji- 2 ) 

<p^ riijp. 

Thus, (15.1.21) is met for any — ej with z > zi or j < ji- 

If Cj — ej e <I>+ is such that z ^ zi and j ^ ji, then — ej = (e* — + (ej^ — ej). Now since 

Ae C, 

<A + p,ei- ej^y ^(A + p, ep - ej^) > p, 

and hence, 

<A + p,ei- ej) ^p + (X + p, ej^ - ej) ^p + {rij^j - l)p = rij^jp. 

Thus, Uij ^ rij^j + 1, where we set rzj^j = 1 if ji = j. 

Also, 

{p + p,ei- ej) = {p + p,ei- ep) + {p + p, ep - ej^) + {p + p, ej^ - ej) 

= (zi - i)a + p + {u + p, ej^ - ej), 

since (p + p, — ej) = {u + p, ej^ — ej). Hence, if a is chosen so that for each e^ — ej e <I>+ with 
z ^ zi and j ^ ji, the inequality 

(5.1.4) (zi — z)a + (u + p, ej^ — ej) < rij^jp 

holds, then (I5.1.2P will hold for any e^ — ej with z ^ zi and j ^ ji because 

(p + p,ei- ej) = (zi - i)a + (u + p, ej^ - ej) + p< (zzj^j + l)p ^ ripp. 

Where a solution exists to (15.1.41) for some a > 0, since satisfies (3) by the inductive hypothesis, 

and hence (v + p, ej^ — ej) < Uj^i^jp. Therefore, {p + p,ei — ej) < ripp for all e^ — ej e <I>^ which 
implies that p satisfies (3). 

In summary, we shown that if 

p p = (ffli, . . . , Q-n) ) 

where ak = bk for k ^ ii, ap = p — (bp+i + • • • + 5ji-i) and Ofc = a for A: = 1,..., zi — 1 such that 
a > 0 and satisfies (I5.1.3P and (j5.1.4p . then p satisfies conditions (1), (2) and (3). Therefore, the 
desired result follows by induction. 

□ 

Unfortunately, even when p ^ n + 1 and A e A(T) + , Lemma 15.1.11 doesn’t guarantee that for 
each good positive subroot system T c T;,, there exists a weight p e X(T)+ such that <I>+p 2 T and 
C(p) < C'(A). It only ensures the existence of a Euclidean point pe C with the desired properties. 
This issue will be clarified by the following lemma. 
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Lemma 5.1.5. Let p ^ n + 1, then for every non-empty facette F K, F n, X(T) ^ 0. Equiva¬ 
lently, every non-empty facette contains a lattice point. 

Proof. The statement follows immediately from Proposition 12.4.^ since every subroot system of 
is of the form w{^i) for some I c A and w e W. □ 

Remark 5.1.6. The conclusion of the preceding lemma generally doesn’t hold for other types. 
For example, let $ c be of type C 2 and let ai = ei — €2 and a 2 = 2 e 2 denote the standard 
basis. The corresponding fundamental weights are wi = ei and UJ 2 = ci + £ 2 , so that p = 2ei + € 2 - 
Consider the facette F, consisting of all A 6 Co satisfying 

(A + p, a^) = 0 

{A p, af + 202 ) = P- 

If we write X + p = ai oji + 02 UJ 2 , then the first equation forces ai = 0 , and so the second equation 
reduces to 2 a2 = p. Thus, the only integral solution occurs when p is even and A + p = (p/ 2 ) 012 . 

Proposition 5.1.7. Let p ^ n + 1, then for any Ae X(T)+, Vg'j(T(A)) c Ogi^xy. 

Proof. By Lemma 15.1.11 for each good positive subroot system T c Fa, there exists p e C such 
that T c and C(p) < C(A). Thus, 7r(T) ^ 7r(<I>+p) = d{p). Furthermore, by Lemma [5.1.51 
F{p) n X(r)+ ^ 0, so we may assume that p e X(T)^. Then 

^^(^(A)) c {p)) (by Proposition 13.2.5]) 

= (by [NPVi Theorem 6.2.1]) 

Hence, for each good positive subroot system T c F^,^^ Vg'^(T(A)) ^ Therefore, by Propo¬ 

sition [4331 ^^(^(A)) ^ Os(\y since s(A)* is the greatest partition satisfying s(A)* ^ 7 r('I')* for all 
good 'h Q Fa. □ 

6. Quantum groups 

6.1. This section will follow the notation and conventions in [BNPP] and [Jl Appendix Hj. Let 
0 = 0c denote a finite-dimensional, complex, semisimple Lie algebra and let Gz denote the split, 
semisimple, simply connected algebraic group scheme such that g = Lie(G)0zC. Denote by Ug(g), 
the quantum enveloping algebra with indeterminate q e Q{q) and generators Fa, Fa, Ka and 
for a e A, satisfying the quantized Serre relations ([Jl H.2]). 

For let U^(g) be the Lusztig -form of Uq(g), which is the j 2 /-subalgebra 

generated by the divided powers E^\ F^^ and (cf. [H H.5]). If F is an jj^'-algebra, set 
Ur( 0 ) = U^( 0 ) 0z C. Finally, for any ^> 1 and any primitive root of unity C ^ C, give F = C 
the structure of an j 2 /-algebra by sending q ^ C, and write U^( 0 ) = Ur( 0 ). 

It is well known that the category of type 1 integrable representations for U^(g) shares many 
properties in common with the category of modular representations for G^, where k an algebraically 
closed field of characteristic p > 0 (cf. [Jl Appendix H] for an overview). Thus, every U^( 0 )-module 
will be assumed to be type 1 and integrable. Suppose I ^ A is a subset and 1/ and p/ are the 
corresponding Levi and (negative) parabolic subalgebras of g, then one can define Levi and parabolic 
subalgebras Uq(b) and Uq(p/) of the quantum enveloping algebra Ug(g) and, by specialization, the 
subalgebras U(([/) and U(;(p/) of U^(g) (cf. [BNPP[ 2.5]). It is possible to define the induction 
functor, 

ind^jjj (M) = R0(Uc(g)/Uc(p),M) 

for any U^(p)-module M f [APWl 2.4]). When dealing with the Borel subalgebra U^(b), we will 
write H^{M) = indJJ^|®^ (M) for any U^(b)-module M. 
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Let X denote the weight lattice for U^(0) and let X'^ denote the cone of dominant weights. For 
each A e X^, = soc {H^{X)) is the corresponding simple highest weight module (cf. [APWl 

Corollary 6.2]). The Weyl modules are defined by V"^(A) = The tilting modules are 

defined in the same way as for algebraic groups. It follows that for each weight A e X'^, there 
exists a unique indecomposable tilting module T^{X) for U(^(0) ([H H.15]). It was proven by Soergel 
that under some slight restrictions on i, the formal characters of these modules are determined by 
certain parabolic Kazhdan-Lusztig polynomials (cf. |Sol] and |So2| L 

Much work has been done in studying the cohomology of the finite-dimensional Hopf algebra 
iic(0) known as the small quantum group f [BNPP[ 2.2]). For instance, in [GKl Theorem 3] it 

was shown that when i > h, 

R^\u^{Q),CUd = C[Af]. 

Thus, max-Spec(H®''(u^(g), C)) = Af, where A/" ^ g is the nilpotent cone of g. To each n^(g)-module 
M, there exists a support variety I4^(g)(M) c J\f, If M has the structure of a U^(g)-module, then 
I4^(g)(M) is in fact a Gc-stable subvariety of Af (cf. [BNPPl 8.1]). 

6.2. Recalling Definition 13.1.11 let 7^ denote the full subcategory of all finite-dimensional tilting 
modules for U^(g). The thick tensor ideals of 7( have been classified by Ostrik (cf. [Oil Theorem 
4.5]). More specifically, it was shown that (r^(/u)) = (r^(A)) if and only if A,/i e X'^ lie in the 
same weight cell. In further analogy with the algebraic group case, there is a connection between 
thick tensor ideals and support varieties for quantum tilting modules. 

Lemma 6.2.1. Let M,N eT^ be tilting modules with (M) Q {N}, then I4^(g)(M) Q 

Proof. Since {M) c (AI), then by definition there exists some L e such that M \ N <S> L, and 
hence c (g) L) c □ 

In Section [L3l it was stated that the varieties I4^(g)(T^(A)) have been computed for all types 
when i > h hy Ostrik and Bezrukavnikov. For convenience, we shall state here what was proven. 

Theorem 6.2.2. Let g be a complex semisimple Lie algebra, and let e C be a primitive root of 
unity with i > h, odd (and not divisible by 3 if g has a component of type G 2 J. For each w e VF/", 
let C[^] C be the corresponding weight cell, and let denote the orbit associated to C[^„] by the 
Lusztig bijection. Then if Xe C[^] n X^, 

Kc(0)(^c(A))=^- 

For any tilting module M for G, it is well known that is a tilting module whenever 

7 c A, Lj is a Levi-factor for G and [Lj,Li] is the derived subgroup of Lj (cf. [Jl Proposition 
11.4.24]). An analogous result also holds for quantum groups. 

Proposition 6.2.3. Let g be a complex semisimple Lie algebra, and let ( e C be a primitive 7*^ 
root of unity where t is odd (and not divisible by 3 if g has a component of type G 2 ) and is such 
that (uji -I- p,O q ) < 7 for all fundamental weights tvi,... ,Un. Then for each I c A, U^([[/, [/]) is 

the Hopf subalgebra o/U^(g) generated by E^\ F^\ for a e I, and for any U^(g) tilting 
module M, the restricted module is a U^([b, [/]) tilting module. 

Proof. Begin by observing that for each fundamental weight io e X~^, the restriction 77°(a;)|u^([[j- 
is a tilting module. This is due to the fact that all of the weights of 77°(a;)|iu^([(^,q]) &re 7-miniscule 
(i.e. they satisfy { 1 / -I- p, Oq) < i), and hence the restricted module must be a semisimple tilting 
module. The proposition follows by adapting the argument in [NTl Proposition 3.1] to the quantum 
setting. □ 

Remark 6.2.4. If g = slri+i(C), then the condition that (oji + p,O q) ^ ^ fundamental 

weights LJi, ... ,LOn, is satisfied precisely when i > n + 1. 



















ON SUPPORT VARIETIES AND THE HUMPHREYS CONJECTURE IN TYPE A 


19 


6.3. Suppose now that C £ C is a root of unity, where p is a prime number, and let k be an 
algebraically closed field of characteristic p. Let T denote the subcategory of tilting modules for 
the algebraic group G = G^, and identify X = X{T), where X is the weight lattice for U^(3). By 
[All 5.3], for each tilting module M of G, there exists a quantum tilting module, denoted by M^, 
for 11 ^( 0 ) satisfying ch (M^) = ch (M). More specifically, if A e X{T)+ is arbitrary and M = T{X), 
then 

r(A)c = rc(A)© @ a^T^ip). 

In particular, since ch(T(A)(^) = ch(T(A)), then 

(6.3.1) ch(r(A)) = ch(r^(A))+ 2 a,ch{T^{p)). 

MT Xyj-l^X 

From the standard properties of the assignment 14^(g)(—), one gets I4^(g)(T^(A)) c (T(A)^) 
(cf. [021 Lemma 3.4]). This gives us an immediate corollary to Theorem 16.2.21 

Corollary 6.3.2. Let G be a semisimple, simply connected algebraic group over a field k of char¬ 
acteristic p > h, and let U(;( 0 ) be the corresponding quantum group, where f e C is a primitive 
root of unity. Then for each w e , and A e C[^] n A"(r) + , 

K,(0)(r(A)c)2^. 

6 . 4 . An interesting problem would be to understand how the support varieties for tilting modules of 

the form r(A) and with A e A"(r) + , are related. It is well known that when the characteristic 

p is good (in particular if p > h), the classification and structure of the Gc orbits on the complex 
nilpotent cone Me = M{Gc) coincide with the Gk orbits on A4 = M{Gk) (cf. [CM| for the complex 
case and [P] for the positive characteristic case). This implies that each orbit Oc in Me uniquely 
corresponds to an orbit in A4- Moreover, if 

^ u • • • u Og* 

for some orbits O ^,..., O™, then 

It follows that any Gc-stable closed subvariety Vc Q Me uniquely corresponds to a Gfc-stable closed 
subvariety I 4 ^ A4- We now state an interesting conjecture which would realize this correspondence 
by taking support varieties of tilting modules. 

Conjecture 6.4.1. Let G be a semisimple, simply conneeted algebraic group over a field k of 
characteristic p > h, and let U^( 0 ) be the corresponding quantum group, where C ^ C is a primitive 
p*^ root of unity. Then for any tilting module M for Gk, I4^(g)(M^) = Vc if and only ifYcfiM) = 
Vk, where I 4 is the unique Gk-stable subvariety of Mk corresponding to Vc. 

Remark 6.4.2. The truth of this conjecture would imply that the correspondence between the 
Ge and G^-stable closed subvarieties of Me and Mk described above, can be established by taking 
support varieties of tilting modules. In fact, if p > h, then the conjecture will follow if both 
Conjecture 11.3.11 holds and an analogous conjecture holds for tilting modules of the form T(A)^, 
where A 6 X{T) + . 

The following lemma verifies this conjecture for the trivial orbit closures {0}c Y Me and {0}^ c 
Mk- 

Lemma 6.4.3. Let G be a semisimple, simply eonnected algebraic group over a field k of charac¬ 
teristic p > h and let U(( 0 ) be the corresponding quantum group, where ( € C is a primitive p*^ 
root of unity. Then a tilting G-module M is Gi-projective if and only if Mc_ is U(^{q)- projective. 
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Proof. Without loss of generality, we may assume that M = r(A) for some A e X(r) + . By [Jl 
Lemma E.8], it follows that T{X) is Gi-projective if and only if {A,a'^) p — 1 for all a e A. The 
analogous statement also holds in the quantum setting for r^(A). Since 

r(A)c=T(A)© 0 

then T'(A)<^ is projective if and only if = 0 for any p e X(T)+ satisfying {p, a'^) < p— 1 for some 
a 6 A. 

Now observe that T{X) is Gi-projective if and only if A = (p — l)p + v, where e X(T)^. Since 
T[{p— l)p) = L{{p— l)p) is a simple tilting module, then T(^{{p— l)p) = T{{p — l)p)( because both 
modules are equal to L(^[{p — l)p). By highest weight considerations, 

r(A)c|T<^((p-i)/9)0rHc, 

and so T[X)c_ is projective if T[X) is Gi-projective. Likewise, if T{X)^ is projective, then T^(A) 
is projective, and thus X = {p — l)p + v for some v e X(T)+, which implies that T(X) is Gi- 
projective. □ 

Conjecture 16.4. Il can also be verified for the principal orbit closures: A/c and A4- 

Lemma 6.4.4. Let G be a semisimple, simply connected algebraic group over a field k of charac¬ 
teristic p > h and let U^( 0 ) be the corresponding quantum group, where ( e C is a primitive p^^ 
root of unity. Then any tilting G-module M satisfies VcfiM) = Mk if and only = Me- 

Proof. Let M = XiA£A(T)+ ®aE(A) be an arbitrary tilting module for G, then 

Mc= 2 «Ar(A)c= 2 ^aTc(A). 
asa:(t)+ asa:(t)+ 

By using translation identities, it can be deduced that Vgj (M) = A4 if and only if oa > 0 for some 
X 6 Go (cf. [Jj Proposition E.ll]). By the same argument, 0(g)(M^) = A/c if and only if 6 a > 0 
for some X e Gq. On the other hand, by (Jj Proposition E.12], it follows that for each A 6 Cq, 

OA = 2 :chll°(w X)]. 

weW+ 

Moreover, since chll^(p) = ch II^(p) for any p e X(T) 4 . and since chM = chM^, then by the 
same argument, 

bx= Yj :diH\w X)] 

weW+ 

for any A e Gq. Thus, ax = bx for each A e Gq, and hence VefiM) = Mk if and only if 0(g)= 
A/c- 

□ 

6.5. An interesting result in type A^. Let G = SLn+i{k) with p ^ n + 1, let g = sl,i+i(C), 
and let C £ C be a primitive root of unity. By Corollary 16.3.21 0(g)(T'(A)^) ^ Og(^xy any 
A e X(T) + . It can also be verified that Proposition I3.2.5] holds in the quantum setting. Therefore, 
the proof of Proposition 15.1.71 mav be adapted to the quantum group setting, to yield the following 
proposition. 

Proposition 6.5.1. Let p > n 1, then for each X e X{T) + , 0(T(A)^) = Os(A)*' 

By Remark l6.4.2l this proposition can be combined with Theorem ll.4.1l to prove Coniecture l6.4.1l 
in the type A case. 
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7. The lower bound 


7.1. Let G = SLn+i(k), where k is an algebraically closed field of characteristic p > 0, let 
g = s[„+i(C) and let C £ C be a primitive root of unity. The goal of this section will be to show 
that for each A e X{T)^, 

(7.1.1) VGi(T(A))3a^. 

For any partition tt = {pi,p 2 , ■ ■ ■ ,Pr) ^ V, we define the subgroup scheme 

SL-^ SLp^ X SLp2 X • • • X SLp^ ^ S 

and let sl^ = Lie(5L.n-) denote its Lie algebra. If ai = ei — Cj+i for f = 1, ..., n and 

I-iT — (cki) • • •) i} O' ..., u • • • u ..., oip^j ^—Q A, 

then = [L/^, L/^] is the derived subgroup of the corresponding Levi factor For notational 
simplicity, we will set 77^ = SL.,^{k) and 1)^ = s[ 7 r(C). 

In Proposition 16.2.31 it was shown that, as in the algebraic setting, there is a natural inclusion 
of quantum groups U^(g) such that tilting modules for U((g) restrict to tilting modules 

for U^(f) 7 r)- The following lemma is a well known fact about nilpotent orbits in type A (cf. |CM[ 
Theorem 8.2.14]). 

Lemma 7.1.2. For any partition n e V, let denote the nilpotent matrix whieh is a direet sum 
of Jordan blocks whose sizes are given by the parts of tt, then x-,^ e 5l.jr(k) and the orbit 77^ • Xj^ is 
dense in Moreover, since Ojr = G ■ Xt^, then G ■ A7(77^) = 

By the naturality of support varieties, we can identify 

(7.1.3) V^h^MU) = VG.mnsl^k) 

for each G-module M. Under this identification, x^ e Vg^[M) if and only if = 

A7(77^). 


7.2. We now have enough to proceed with a proof of the lower bound. But first, for notational 
convenience, the following terminology will be introduced. 

Definition 7.2.1. A module M is said to have full support, if its support variety is maximal. For 
instance, if M is a Gi-module with p > h, then M has full support provided Vg^{M) = M{G). 

As mentioned in the introduction, the following proposition, along with Proposition 15.1.71 may 
be combined to give Theorem 11.4. II 

Proposition 7.2.2. Let p > n + 1, then for any A e X{T)+, Vgi( 7~'(A)) ^ Cls(A)*. 

Proof. For any partition tt eV and A e A(r)+ satisfying s(A)* = vr, it follows from (I7.1.3P that this 
proposition will hold if T'(A)|_ff^ has full support. By Proposition 16.2.31 the module (T(A)^)|u^((,^) 
is a quantum tilting module, and thus = (T(A)(^)|u^([,^). So by Lemma [6.4.41 T(A)|h^ 

will have full support if and only if (T(A)^)|u^((,^) has full support. Since 

TcW I T(A)c, 

then I4^(g)(T^(A)) c V]j^(g^(r(A)^), and hence, by |Ulj . |U2[ Lemma 6.4] and |02[ Theorem 6.8], 
there exist e A(T)+ such that T(^) = 77°(/i), s{fj,) = s(A) and T^{p) \ Moreover, 

and \ T{v)c_ together give 

(7.2.3) r(M)c©M = (r(A)0T(z.))^, 

for some U^(g) tilting module M. Therefore, by Proposition 16.2.31 
(7-2.4) 7'(/^)clw(ii^) © -^lu^(f),r) = -^C’ 
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where N = {T{X) 0T{iy))\H^. Since T{n) = then by [NPVl Theorem 6.2.1], V'Gi(r(/x)) = 

Ott and so (17.1.31) . implies that Also, by ()7.2.4I) and Lemma [6.4.41 

iT{n)\H-,r)c = (^(/^)c)lu,;(t),r )5 and hence A'and have full support. Thus, e Vgi (T(A)0 r(i/)) c 

Vg'i(T(A)), where the inclusion follows from the tensor product identity for support varieties. □ 
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